Based on the stringy differential geometry we proposed earlier, we incorporate fermions such as gravitino and dilatino into double field theory in a manifestly covariant manner with regard to O(D, D) T-duality, diffeomorphism, one-form gauge symmetry for B-field and a pair of local Lorentz symmetries. We note that there are two kinds of fermions in double field theory: O(D, D) singlet and non-singlet which may be identified, respectively as the common and the non-common fermionic sectors in type IIA and IIB supergravities. For each kind, we construct corresponding covariant Dirac operators. Further, we derive a simple criterion for an O(D, D) rotation to flip the chirality of the O(D, D) non-singlet chiral fermions, which implies the exchange of type IIA and IIB supergravities.
Introduction
String theory possesses T-duality and imposes O(D, D) structure on its D-dimensional low energy effective actions [1] [2] [3] [4] . The O(D, D) T-duality can be conveniently described if we formally double the spacetime dimension, from D to 2D, with coordinates, x µ → y A = (x µ , x ν ). The new coordinates,x µ , may be viewed as the canonical conjugates of the winding modes of closed strings, as noted by Tseytlin and Siegel in the early 90's [5] [6] [7] [8] . Recent developments initiated by Hull and Zwiebach developed this idea further, in the name of Double Field Theory (DFT), by writing the D-dimensional effective action entirely in terms of the 2D-dimensional language, i.e. 2D tensors [9] [10] [11] [12] (see also [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] ). Yet, as a field theory counterpart to the level matching condition in closed string theories, it is required that all the fields as well as all of their possible products should be annihilated by the O(D, D) d'Alembert operator, ∂ 2 = ∂ A ∂ A ,
standard manner, Further, in DFT the D-dimensional diffeomorphism, x µ → x µ + δx µ , and the one-form gauge symmetry of the two-form gauge field, B µν → B µν + ∂ µ Λ ν − ∂ ν Λ µ , are naturally combined into what we may call 'double-gauge symmetry' (denoted by 'δ X '). By definition, the double-gauge transformation of a double-gauge covariant tensor is generated by the Dorfman derivative or generalized Lie derivative, i.e. "δ X =L X ", whose definition reads [8, 12, 29, 32, 33] ,
Here ω T is the given weight of an O(D, D) covariant tensor, T A 1 ···An , and X A is the double-gauge symmetry parameter whose half components are for the one-form gauge symmetry and the other half are for the diffeomorphism,
As the generalized Lie derivative differs from the ordinary Lie derivative, the underlying differential geometry of DFT should be beyond Riemann [14, 18, [29] [30] [31] [32] [33] [34] . Generally speaking, while the fundamental object in Riemannian geometry is a metric, closed string theories call for us to put the B-field and a scalar dilaton on an equal footing with the metric, and hence call for new geometry.
In our previous works [14, 18] , we proposed a novel differential geometry for double field theory that treats the three objects in a unified manner and manifests O(D, D) T-duality, the double-gauge symmetry, and also a pair of local Lorentz symmetries simultaneously. The key concept therein is 'semi-covariant derivative' that we review later. Table 1 : T-duality and gauge symmetries in DFT.
In this paper, utilizing the semi-covariant derivative approach, we incorporate fermions, such as gravitino and dilatino, into double field theory. Especially we construct covariant DFT Dirac operators that are manifestly compatible with all the symmetries in Table 1 . Upon the level matching constraint (1.1) and in terms of the undoubled D-dimensional component fields, our Dirac operators reduce to those found recently by Coimbra, Strickland-Constable and Waldram as for the unifying reformulation of type IIA and IIB supergravities [34] .
Further we show that there are two kinds of fermions in double field theory: 
The common fermionic sector of type IIA and IIB supergravities may be identified as our unprimed fermions. 
O(D,
The non-common fermions of the opposite chiralities in type IIA and IIB supergravities correspond to our primed fermions.
We also present a criterion for O(D, D) rotations to flip the chirality of the primed fermions, which turns out to depend on both the O(D, D) group element and the background fields. This generalizes, in a unifying manner, the earlier works by Hassan in 90's [35] [36] [37] .
The organization of the present paper is as follows. To start, in section 2 we set up our conventions including the indices used for each representation of the symmetries in Table 1 . In section 3, after reviewing the two types of the double-vielbeins from [18] , we analyze their finite O(D, D) transformations. In section 4, utilizing the semi-covariant derivative, we construct the covariant Dirac operators for each type of the fermions and derive the criterion for the primed fermions to flip their chiralities under O(D, D) T-duality. Section 5 contains the summary and comments.
Conventions
In Table 2 , we summarize our conventions for indices and metrics used for each representation of the symmetries listed in Table 1. 1 indices representation metric For the application of our formalism to type IIA and IIB supergravities, in this paper we focus on 'even' D-dimensional Minkowskian spacetime that admits Majorana-Weyl spinors, i.e. D ≈ 2 mod 8.
For the two Minkowskian metrics, η pq andηpq, we introduce separately the corresponding 'real' gamma 1 Note the opposite signatures chosen for η andη, i.e. mostly plus vs. mostly minus (cf. [18] ). matrices: (γ p ) α β and (γp)ᾱβ satisfying
Their charge conjugation matrices, C αβ andCᾱβ, meet 2
and define the charge-conjugated spinors. For the unprimed and primed Spin(1, D−1) spinors we havē
We also set, in order to specify the chirality of the Weyl spinors,
5) The unprimed fermions, (ψ ᾱ p , ρ α ), are set to be Majorana-Weyl spinors of the fixed chiralities,
On the other hand, the primed fermions, (ψ ′ ᾱ p , ρ ′α ), are Majorana-Weyl spinors possessing either the same chirality (as for type IIB supergravity),
or the opposite chirality (as for type IIA supergravity),
The chiralities of the primed fermions may be flipped under O(D, D) T-duality, as we shall see later.
2 A possible relation between the unbarred and barred real gamma matrices is to identifyγp with γ p γ (D+1) , andC with C. However, we do not need to impose this identification in the present paper.
Two types of double-vielbeins and their O(D, D) transformations

Primed and unprimed double-vielbeins
There are two types of vielbeins in DFT [18] . We distinguish them here as unprimed double-vielbein, (V Ap ,V Bq ), and primed double-vielbein, 3 (V ′ ApV ′ Bq ). They carry opposite local Lorentz vector indices.
In terms of the flat metrics in Table 2 , the unprimed double-vielbein satisfies the following defining properties [18] :
Hence the double-vielbein forms a pair of rank-two projections [14] ,
that are symmetric, orthogonal and complementary to each other,
and further meet
The defining properties of the double-vielbein (3.1) actually means then that, as a 2D × 2D matrix, (V A p ,V Bq ) diagonalizes both the projectors P AB andP AB , or equivalently both the O(D, D) metric J AB and the "generalized metric" H AB := (P −P ) AB , as follows [18] ,
Assuming that the upper half blocks are non-degenerate, the unprimed double-vielbein takes the following most general form [18] , 4
Here e µ p andē νp are two copies of the D-dimensional vielbein corresponding to the same spacetime metric in the following manner, e µ p e ν q η pq = −ē µpēνqηpq = g µν ,
and B µν corresponds to the Kalb-Ramond two-form gauge field. We also set in (3.6),
In particular, (ē −1 e)p p and (e −1ē ) pp are local Lorentz transformations,
Now, having the explicit form of the unprimed double-vielbein (3.6), we are able to define the 'primed double-vielbein',
(3.10) They satisfy, parallel to (3.1),
11) and
(3.12)
O(D, D) rotations of the double-vielbeins
Both the primed and unprimed double-vielbeins are covariant with respect to the local Lorentz symmetries and the double-gauge symmetry i.e. "δ X ≡L X ". What make them distinguishable are their O(D, D) T-duality transformations. Once we set the unprimed double-vielbein to be a covariant O(D, D) vector, 
From the vectorial O(D, D) transformation rule (3.13) of the unprimed double-vielbein (3.6), we note, among others,
and hence
where we set
The crucial properties of L andL are that they are local Lorentz transformations,
These can be verified directly from (3.15) and
In fact, from the consideration that (e −1ē ) pp and (ē −1 e)p p themselves are local Lorentz transformations and also that this property must be preserved under O(D, D) T-duality, it follows naturally that L andL must correspond to local Lorentz transformations.
Therefore, under O(D, D) T-duality the primed double-vielbein transforms nontrivially as
where L andL are local Lorentz transformations (3.18) depending on both the O(D, D) element, M , and the backgrounds, g µν , B µν .
It is well known that even-dimensional irreducible gamma matrices are unique up to similarity transformations, essentially due to Schur's lemma. This implies, for the cases of (2.1), (3.9) and (3.19) , that there must be similarity transformations, S e satisfyinḡ 22) and also S L , SL satisfying
From (2.4), (3.23), we obtain 24) where from (3.18), In fact, using (3.24), one can show that S L and SL are related by 
Covariant Dirac operators
In this section, utilizing the semi-covariant derivative in Refs. [14, 18] , we construct covariant Dirac operators for unprimed and primed fermions separately, and discuss the chirality change of the primed fermions under O(D, D) T-duality.
Semi-covariant derivative for double-gauge symmetry: review
By definition [14, 18] , the semi-covariant derivative acts on a generic O(D, D) tensor density with weight, ω T , as
and it annihilates the pair of rank-two projections and the DFT-dilaton (and hence the NS-NS sector completely),
Note that the DFT-dilaton, d, is related to the string dilaton, φ, through [11] 
and hence e −2d = √ −ge −2φ is a scalar density with weight one. In fact, this is the only quantity having a nontrivial weight in this paper.
It follows from (4.2) that, the O(D, D) metric is also 'flat' with respect to the semi-covariant derivative,
which implies
Further, requiring
and
the connection is uniquely fixed to be [18] 
(4.8)
In (4.7), P CAB DEF andP CAB DEF are rank-six projections,
that are symmetric and traceless,
The symmetric properties, (4.5) and (4.6), enable us to replace the ordinary derivatives in the definition of the generalized Lie derivative (1.4) by our semi-covariant derivatives (4.1), i.e.L ∂ X →L ∇ X . The additional constraints (4.6) and (4.7) are analogue to the torsionless condition in Riemannian geometry that uniquely picks up the the Levi-Civita connection. In fact, assuming the skew-symmetric property, Γ ABC = −Γ ACB only, the difference betweenL ∂ X andL ∇ X is given by the totally anti-symmetric part of the connection, 11) such that this difference might be used for the definition of "torsion" [34] . However we emphasize that, the symmetric properties (4.5), (4.6) are not sufficient enough to fix the connection uniquely: the projective condition (4.7) must be also imposed.
Under the double-gauge transformations, the connection and the semi-covariant derivative transform as
Hence, they are not double-gauge covariant. We say, a tensor is double-gauge covariant if and only if its double-gauge transformation agrees with the generalized Lie derivative, i.e. 'δ X =L X '. Nonetheless, the characteristic feature of the semi-covariant derivative is that, combined with the projections, it can generate various fully covariant quantities, and hence the name 'semi-covariant':
(4.13)
With the usual curvature,
that turns out to be double-gauge non-covariant, if we set In particular, the covariant scalar reduces to the bosonic closed string effective action upon the level matching constraint (1.1) [18] ,
Unprimed Dirac operators: O(D, D) singlet
For the O(D, D) singlet fermions, i.e. unprimed fermions, (ψ ᾱ p , ρ α ), we focus on the following differential operator, 
We view D A , as our 'master' unprimed, semi-covariant derivative unifying ∇ A and D A . We require it to annihilate the unprimed double-vielbein and the DFT-dilaton,
as well as all the constant metrics and the gamma matrices in Table 2 ,
It follows that 24) and as usual, 5 
26) 5 Here, for simplicity, we omit the possibility of adding a central term to the spin connections, i.e.
such that
we may derive the relations between the covariant scalar, P AB S AB (4.16), and the field strengths of the local Lorentz connections, 28) where, in fact P AB S AB = −P AB S AB due to (4.18), and the field strengths are as usual,
Though Φ Apq andΦ Apq are not double-gauge covariant from (4.12), 6
with (4.9), the followings are so, i.e. ' δ X ≡L X ',
This generalizes our earlier results in [18] where only the first two in (4.30) were identified.
After all, the fully covariant unprimed Dirac operators, with respect to all the symmetries in Table 1 , are as follows
Here we set for simplicity,
Writing explicitly, 
Primed Dirac operators
In this subsection, we construct the fully covariant, 'primed' Dirac operators for the O(D, D) non-singlet fermions, i.e. the primed fermions, (ψ ′ ᾱ p , ρ ′α ). As the analysis is parallel to the previous subsection on the unprimed fermions, we skip the details and present only the main results.
The primed master semi-covariant derivative is
where 36) and
It satisfies 38) and like (4.23),
Further, in analogy to (4.28), we have 40) where the primed field strengths are, in an identical fashion to (4.29),
Finally, the fully covariant primed Dirac operators are
Here we set for simplicity, 43) such that
Writing explicitly we have 46) where, from (3.14) and (3.18) , the O(D, D) group element and the associated local Lorentz transformations are given by
We also recall the covariance of the gamma matrices (3.23),
It is then clear that, with the full covariance of the primed Dirac operators (4.42), the primed fermions transform under O(D, D) T-duality as follows,
Thus, from (3.24) and (3.25),
when det(L) = −1, the primed fermions flip their chiralities. Otherwise not.
For example, on a flat background (g = η, B = 0), we may set both a and bg to be diagonal with the eigenvalues, zero or one only, in an exclusive manner such that a + bg = 1. This choice corresponds to the usual discrete T-duality along toroidal directions. In this case, we get det(L) = (−1) ♯a where ♯ a counts the number of zero eigenvalues in the matrix, a, and hence the number of toroidal directions on which T-duality is performed. Thus, our formula is consistent with the well-known knowledge that performing odd number of T-duality on flat backgrounds exchanges type IIA and IIB superstrings.
Reduction to D dimension
Upon the level matching constraint (1.1), with the explicit forms of the double-vielbeins (3.6), (3.10), the covariant DFT Dirac operators (4.31), (4.42) reduce to more familiar D-dimensional expressions within the Riemannian setup,
51) where, with the D-dimensional standard diffeomorphism covariant derivative, ▽ µ , we set
In fact, the above expressions are precisely what appear in type IIA and IIB supergravities [34] , where ψp and ψ ′p are gravitinos in string frame, while ρ and ρ ′ are 'DFT-dilatinos' corresponding to the superpartner of the DFT-dilaton, d = φ − 1 2 ln √ −g.
Summary and comments
In summary, based on the stringy differential geometry that is characterized by the semi-covariant derivative [18] , we have incorporated fermions, like gravitino and dilatino, into double field theory in a manifestly covariant manner with regard to all the symmetries in Table 1 It is worth while to note that, the distinction between the primed and unprimed double-vielbein is arbitrary: if we set one to be O(D, D) vector, like (3.13) , then the other is not a vector anymore, like (3.21). Thus, O(D, D) may act on the unprimed fermions nontrivially while leaving the primed fermions singlet.
So far, we have focused on the gravitational interpretation of the unprimed and primed fermions. However, we may also regard ρ or ρ ′ as gaugino and couple them to the Yang-Mills double field theory [16] .
Up to the RR sector (for related works see e.g. [22, 34, 38] ), the unifying supersymmetric double field theory reformulation of type IIA and IIB supergravities will, when constructed [39] , contain the following leading order terms (see also [28] ),
2) In particular, the complete supersymmetric double field theory will manifest not only O(D, D) T-duality and double-gauge symmetry, but also a pair of local Lorentz symmetries. It will be of interest to identify the pair of local Lorentz symmetries directly from the string worldsheet or M-theory points of view [19] [20] [21] [40] [41] [42] [43] [44] [45] [46] [47] .
